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Nonlinear microscopy of localized field enhancements in random metal nanostructures with a tightly focused
laser beam scanning over a sample surface is modeled by making use of analytic representations of the Green
dyadic in the near- and far-field regions, with the latter being approximated by the part describing the scattering
via excitation of surface plasmon polaritons. The developed approach is applied to scanning second-harmonic
�SH� microscopy of small gold spheres placed randomly on a gold surface. We calculate self-consistent
fundamental harmonic �FH� and SH field distributions at the illuminated sample surface and, thereby, FH and
SH images for different polarization configurations of the illuminating and detected fields. The simulated
images bear close resemblance to the images obtained experimentally, exhibiting similar sensitivity to the
wavelength and polarization, as well as sensitivity to the scattering configuration. We verify directly our
conjecture that very bright spots in the SH images occur due to the spatial overlap of properly polarized FH and
SH eigenmodes. Applications and further improvements of the developed model are discussed.
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I. INTRODUCTION

Light-matter interactions in nanostructured materials give
rise to nanostructured optical fields whose distinctive prop-
erties bring about various fascinating phenomena, including
light localization, photonic band gap effects, and surface en-
hanced scattering.1,2 A profound understanding of fundamen-
tal and applied aspects of these phenomena becomes increas-
ingly vital for further progress in nanoscience and
nanotechnology. One of the most remarkable effects in light
scattering by metal nanostructures is the strong �up to several
orders of magnitude� and spatially localized �on nanometer
scale� field intensity enhancement. This enhancement can oc-
cur due to the resonance excitation of localized surface plas-
mons �SPs� associated with individual �noninteracting, e.g.,
rarely spaced� scatterers.3 In the system of strongly interact-
ing random nanoparticles, resonant SP excitations �eigen-
modes of the system� are due to multiple interparticle light
scattering and are associated rather with a global than local
arrangement of scatterers. These eigenmodes tend to be lo-
calized in nm-sized volumes with resonance frequencies cov-
ering a wide spectrum range from near UV to far IR and
exhibit very different strength, phase, polarization, and local-
ization characteristics.4,5 If scatterers are placed in the vicin-
ity of a metal surface that supports the propagation of surface
plasmon polaritons �SPPs�, the interparticle electromagnetic
interaction can be facilitated and further enhanced due to the
SPPs that provide an additional interaction channel.6 Reso-
nant �system� eigenmodes were the subject of many experi-
ments concerned with near-field imaging of disordered metal
nanostructures.7–12 It is, however, important to note that
these experiments dealt with linear scattering, i.e., localized
intensity enhancement has been observed at the frequency of
the illumination.

The strong local field intensity enhancement in light scat-
tering by metal nanostructures plays a major role in Raman

scattering and in the second-harmonic �SH� generation
�SHG�. Enhanced SH generation at rough metal surfaces has
been the subject of numerous experimental and theoretical
investigations concerned mainly with the angular distribution
of far-field SH radiation.13 Spatially resolved SH measure-
ments at rough metal surfaces conducted with a near-field
microscope have also been reported14,15 with the observed
local SH enhancement being ascribed to the SP localization14

or the lightning rod effect.15 However, bright regions seen in
the SH images obtained in the first case were rather diffuse
and noisy, and the suggested origin �localization� was not
corroborated with, e.g., wavelength dependent measure-
ments. Recently, strongly enhanced SH generations charac-
terized by a broad angular �far-field� distribution have been
observed with gold-glass films near the percolation
threshold.16 A large diffuse SH component indicates �though
indirectly� the occurrence of localized SPs that generate
strongly fluctuating �in amplitude, phase, and polarization�
local SH sources. In addition, direct observations �using far-
field SH microscopy� of localized SH enhancements were
later reported with similar films.17 For both these samples the
random gold particles formed only semicontinuous films on
insulating silica substrates. At the same time, we used SH
far-field scanning optical microscopy �SOM� to image ran-
domly distributed gold scatterers deposited on a gold film
supporting a multiple scattering of SPPs.18,19 We observed
strongly enhanced localized SH spots, exhibiting sensitivity
to the wavelength and polarization, as well as sensitivity to
the scattering configuration.

Comparing SOM images obtained at fundamental har-
monic �FH� and SH frequencies, we inferred that SHG oc-
curs most efficiently at sites where the FH and SH eigen-
modes spatially overlap. This conjecture has been
qualitatively supported by the results of numerical simula-
tions �within the quasistatic approximation� of SHG in a me-
tallic nanosystem, a random planar composite, whose entire
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extent is much smaller than the light wavelength.20 These
results are, however, of limited use when interpreting SH-
SOM images obtained with a tightly focused laser beam
scanning over a nanostructured metal surface. It seems plau-
sible to expect that local illumination and SHG would selec-
tively excite FH and SH eigenmodes whose interaction can
be mediated by SPPs, resulting in an intricate interplay of the
FH and SH field distributions for global and local excitations
and the corresponding SOM images.

Theoretical modeling of the SH-SOM of nanostructures is
quite a challenge in itself, because one has to deal with two
coupled problems of multiple light scattering, i.e., one has to
find self-consistent fields at both FH and SH frequencies.21 A
microscopic self-consistent approach to this problem devel-
oped by making use of the generalized Green dyadic is quite
complicated and can be applied only to a very limited num-
ber of scatterers.21 In this paper, we consider SH-SOM of
nanostructures, i.e., small metal spheres placed on a metal
substrate, within the framework of a point-dipole approxima-
tion with the Green dyadic being approximated by analytic
expressions available for the near- and far-field regions.
While the near-field approximation of the Green dyadic is
well-known �see, e.g., Ref. 22�, the far-field analytic expres-
sion is based on the recently established fact that, near a
metal surface and for sufficiently large distances from a scat-
tering source, the Green dyadic can be approximated by its
part associated with the SPP excitation.23 Our modeling in-
volves several intervening stages. First, the self-consistent
FH field established in a scattering system is determined in
relation to a position of a tightly focused scanning FH beam
illuminating the sample. Secondly, the self-consistent SH
field �driven by the self-consistent FH field� is found in the
scattering system. Finally, thus determined �for each position
of the incident beam� FH and SH fields are used to calculate
the corresponding field intensities at the site of a remote
detector, resulting in FH and SH images. The results of nu-
merical simulations are presented for gold �identical� nano-
particles randomly placed on a gold substrate and compared
with the experimental results reported previously.18,19

II. THE SELF-CONSISTENT FIELD

The problem of multiple scattering in a system of nano-
particles, which are placed near a metal surface and illumi-
nated by an incident electric field E0�r� at the wavelength �,
can be treated in the electric-dipole approximation, i.e., by
treating each nanoparticle as a dipolar scatterer.22 A detailed
consideration of the point-dipole approximation for SPP scat-
tering, and its limitations imposed by the energy conserva-
tion, can be found in Ref. 24. In this approximation and
considering identical particles, the self-consistent electric
fields established at the sites of nanoparticles in the process
of multiple scattering can be found by solving the following
equation:

E�ri� = E0�ri� + k0
2�

j�i

N

G�ri,r j� · � · E�r j� , �1�

where E�ri� is the self-consistent electric field at the site ri of
particle i, � is the polarizability tensor of a particle with

surface dressing, i.e., multiple scattering between the particle
and the metal surface taken into count, k0=2� /� is the free-
space wave number, E0�ri� is the incident electric field at the
site of particle i, and G�ri ,r j� is the total Green dyadic de-
scribing the field propagation from a source point r j to an
observation point ri. This total Green dyadic is composed of
a direct �free-space� dyadic Gd and the indirect dyadic Gs

describing both the reflection from the metal surface and the
excitation of SPPs.22

The polarizability of a spherical nanoparticle in free space
can be approximated in the electrostatic limit �when the par-
ticle is much smaller than the light wavelength� as follows:

�0 = �0U4�a3� − 1

� + 2
, �2�

where � is the dielectric �wavelength dependent� function of
the particle, a is its radius, �0 is the vacuum permittivity, and
U is the unit tensor. However, due to the multiple scattering
between the particle and the surface, the so-called surface
dressing, the polarizability used in Eq. �1� for particles lo-
cated near the surface, is different from that in free space and
given by

� = �U − k0
2�0

�0
· Gs�r,r��−1

· �0, �3�

where r is the center of the particle. In the image dipole
�electrostatic� approximation for the indirect contribution Gs

�Refs. 22, 25, and 26� to the total Green dyadic and for a
spherical particle placed in contact with the surface, the sur-
face dressed polarizability reads23

� � �U −
� − 1

� + 1

� − 1

� + 2
�1

8
x̂x̂ +

1

8
ŷŷ +

1

4
ẑẑ��−1

· �0, �4�

where x̂, ŷ, ẑ are the coordinate unit vectors in the coordinate
system with the vector ẑ being perpendicular to the air-gold
interface and the dielectric constant of the substrate set equal
to that of the particle.

Using Eq. �4� for the polarizability of the nanoparticles
together with the appropriate Green dyadic G, one can deter-
mine the self-consistent fields at the sites of all particles from
Eq. �1� and then find the total electric field everywhere out-
side the particles using the following expression:

E�r� = E0�r� + k0
2�

i

N

G�r,ri� · � · E�ri� . �5�

However, in order to accomplish this task, it still remains to
identify such an appropriate Green dyadic.

III. THE GREEN DYADIC

Considering both the source and observation points being
close to a metal surface but far away from each other, one
can approximate the total Green dyadic �which includes the
direct and indirect terms� with the part of the indirect Green
dyadic concerned with the excitation of SPPs.23 In this ap-
proximation, which is actually asymptotically correct as the
in-plane separation of source and observation points in-
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creases towards infinity,27 the Green dyadic can be repre-
sented by

Gspp�r,r�� � azz���exp	i�z�z + h�
H0
1�����

� �ẑẑ + �ẑ�̂ − �̂ẑ�
�z

��

− �̂�̂� �z

��
�2� , �6�

where H0
1 is the zero-order Hankel function of the first kind,

�= �r� −r���, �̂= �r� −r��� /�, with � referring to the projection of
the radius vector on the xy plane, which coincides with the
metal-air interface, and z refers to the height of the observa-
tion point r above the surface, while h refers to the height of
the source point r�. Finally, �� and �z are the components of
the three-dimensional SPP wave vector

�� = k0 �

� + 1
, �7�

�z = k0
2 − ��

2, �8�

and

azz��� =
��

2
���1 −

1

�2�1 + �

�
�−1

, �9�

where it is understood that the dielectric constant � of metal
depends on the wavelength. In calculations, for the dielectric
constant � of gold, we used bulk values obtained from a
linear interpolation of the data listed in Ref. 28.

The above Green dyadic approximation has been shown
to noticeably deviate from the exact total Green dyadic for
small distances �less than a few wavelengths� between the
source and observation points.23 On the other hand, its usage
for simulations of the SPP band gap structures consisting of
nanoparticles arranged in a periodic pattern gave quite rea-
sonable results even though the interparticle distance was
close to half of the light wavelength.23 However, for ran-
domly placed nanoparticles with relatively high
densities,18,19 some particles are in or close to contact with
each other so that the interparticle distances can be down to
a small fraction of the wavelength, i.e., in the near-field do-
main. In such a case, one can take advantage of the near-field
�electrostatic� approximation of the total Green dyadic that
can also be expressed in a simple analytic form:22

Gnf�r,r�,�� = Dnf�r,r�,�� + Inf�r,r�,�� , �10�

where Dnf�r ,r� ,�� is the direct part of the near-field propa-
gator given by

Dnf�r,r�,�� = −
c2

4��2

3eReR − U

R3 �11�

with R= �r−r��, eR= �r−r�� /R, and U being the unit tensor,
while the indirect part Inf�r ,r� ,�� of the near-field propaga-
tor, for the air-metal interface coinciding with the plane z
=0, can be expressed as

Inf�r,r�,�� = Dnf�r,rms,�� · M��� , �12�

with rms= �x� ,y� ,−z�� pointing to the position of the mirror
image of the source point and

M��� =
� − 1

� + 1�− 1 0 0

0 − 1 0

0 0 1
� . �13�

Transition between Gnf and Gspp

Both approximations considered above are limited to ei-
ther short or long interaction distances. The main idea of our
approach is to use the near-field dyadic 	 Eq. �10�
 for dis-
tances shorter, and the SPP dyadic 	Eq. �6�
 for distances
longer, than a certain �transition� distance related to a speci-
fied fraction of the light wavelength used in the particular
simulations. A natural requirement to such a transition dis-
tance would then be that no apparent �unphysical� jumps
should be seen in the dyadic components when switching
from one expression to another one.

In order to find a proper distance for the transition be-
tween the two dyadics, the radial dependence of the nonzero
dyadic components Gzz, Gxx and Gzx=Gxz were calculated
using accordingly Eqs. �6� and �10� at different distances
from the �gold� surface and for different transition distances
at the wavelength of 750 nm. Based on these calculations the
transition distance of 3� /5 was chosen �Fig. 1�. It should be
noted here that the near-field parts of components Gzz, Gxx
are both one order of magnitude larger than the remaining
nonzero component Gzx=Gxz. Furthermore, the real parts of
these components are approximately one order of magnitude
larger than their imaginary parts. However, generally speak-
ing, it is not possible to find the transition distance that
would ensure smooth transitions for all dyadic components.
For example, the transition of the Gzx component seems
rather abrupt �Fig. 1�. Nevertheless, one should bear in mind
that the aim is to develop a relatively simple approach using
analytic approximations of the total Green dyadic, so as to be
able of dealing with a complex surface system with many
strongly interacting particles. So, the Green dyadic used
throughout the presented simulations is set to the following
form:

G�r,r�� = �Gnf�r,r�� for �r − r�� 	 3�/5,

Gspp�r,r�� for �r − r�� 
 3�/5.
� �14�

It should be understood that the proper transition distance
cannot be determined exactly. The influence of this will be
discussed later in this paper.

IV. SIMULATION CONFIGURATION

The simulation configuration with multiple scattering be-
tween spherical gold particles, positioned on a smooth gold
surface, and scattering into far-field radiation reaching re-
mote detectors is schematically shown in Fig. 2. Based on
the composed Green dyadic 	Eq. �14�
 it is now possible to
solve Eq. �1� and use Eq. �5� to find the self-consistent field
distribution E�r� for a given incident electric field E0�r� and
a set of particles located at ri. Here it is important to note that
the interaction of the dipole with itself is already taken care
of in the polarizability in Eq. �4� and the case i= j, giving
R=0, is therefore omitted in Eq. �1�. It transpires that the
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next steps towards the simulations should be the description
of particle sets and an incident field scanning over the sur-
face.

A. Sample description

In order to simulate samples with random surface nano-
structures, we generated different sets of random x and y
coordinates of the centers of spherical particles having the
same radius a and being placed directly on the surface plane
�z=0�. When generating these sets, one should control the
smallest allowed separation between the particles to avoid an
already occupied scatter region to be taken by another or
more scatterers. One can, for example, employ an algorithm
preventing the distance between particle centers from being
less than 2a, leading at the most to touching spheres. In the
dipole approximation, however, such an approach of geo-
metrically touching spheres has been shown to fail describ-
ing long-wavelength resonances observed in groups of par-
ticles, where proximity effects should be taken into
account.29 One solution to this problem can be the imple-
mentation of interacting high-order multipole moments into
the calculation, but this will result in essentially intractable
problems for large groups of particles.30 Meanwhile it is pos-
sible to obtain a description of the optical response of an
arbitrary shaped object and still remain within the dipole
approximation.30–32 The general idea in such a description is
that originally touching spheres should be replaced by over-
lapping spheres with the dipole moments located at their
centers, since this would avoid underestimating the interac-
tion between the spheres. One suggestion for this corrected
minimum separation dmin can be found from the following
relation:32

dmin
3 = �4�/3�a3, �15�

which gives

dmin = 1.612a = 0.806�2a� . �16�

We have adopted the above procedure and generated two
samples covered by 5�5 �m2 areas of the high and low
density of spherical scatterers: 50 and 10 per �m2, respec-
tively. The scatterers placed on 7�7 �m2 smooth gold areas
are chosen to have radii a=40 nm, and their positions are
depicted in Fig. 3 as circles with approximately true dimen-
sions.

B. Incident field

The incident electric field is considered to be formed by
an incident �normal to the air-gold interface� Gaussian-

FIG. 2. Schematic of the simulation configuration. A Gaussian-
shaped �scanning� beam with center coordinates �xscan ,yscan� is in-
cident normal to the air-gold interface with randomly positioned
spherical gold particles resulting in strong multiple scattering and
SHG. The polarization of the incident FH as well as the FH and SH
radiation is controlled by selecting the corresponding components
of the reflected electric fields.

FIG. 1. Nonzero dyadic com-
ponents calculated at the height of
40 nm above the gold surface for
�=750 nm using the near-field
and SPP dyadic for distances cor-
respondingly smaller and larger
than the transition distance of
3� /5.
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shaped beam with linear polarization and its reflection by the
interface

E0�r� = epE0 exp�−
�x − xscan�2 + �y − yscan�2

w0
2 �

� �eik0z + �e−ik0z� , �17�

where E0 is the field amplitude, the polarization along either
x̂ or ŷ is defined by the vector ep= �1,0 ,0� or ep= �0,1 ,0�,
respectively, the beam center is located at the scanning coor-
dinates �xscan ,yscan�, and w0 is the beam radius at the intensity
level of e−1. Finally, the phase difference between the inci-
dent and the reflected fields at a height z above the surface is
incorporated by the last term, where �= �1−n� / �1+n� is the
reflection coefficient of the gold surface having refractive
index n=�.

C. FH- and SH-SOM image formation

Starting with the incident field as in Eq. �17� and using
this field E0�ri� at the centers of all scatterers, one can pro-
ceed to solving Eq. �1� with the proper Green dyadic G�ri ,r j�
from Eq. �14� and determining the self-consistent fields E�ri�
at the positions of all scatters. The FH-SOM image can then
be calculated by summing up the scattered fields from all
scatterers and the reflected �by a flat metal surface� incident
field at the position of a remote detector. The first contribu-
tion is proportional to the sum of the corresponding in-plane
fields at the sites of scatterers21 weighted with the factor
depending on an effective aperture of the detector so as to
correctly balance the signals from the reflected Gaussian
beam and the scattered fields. We have chosen to use an
effective factor whose value is selected from the appearance
of the experimental and simulated images �for the parallel
polarization configurations�. For example, the intensity in
FH-SOM images, for both incident and detected polariza-
tions being parallel to the x axis, were simulated as follows:

I�
xx�xscan,yscan� = �Erefl + �

i

N

Ex��,ri��2

, �18�

where

Erefl = �e−ik0a =
1 − n

1 + n
e−ik0a �19�

contain the reflection coefficient and phase used in the last
term of Eq. �17�. In our case =100 was selected in order to
obtain qualitative agreement in the image contrast with ex-
perimental FH images of random gold nanostructures.18,19

For the cross-polarized configurations, the reflected incident
field is not detected and =0 was used.

Simulation of the SH-SOM images is more complicated
and requires several calculation steps. The main circum-
stance to be kept in mind is that, for symmetry reasons, met-
als do not possess second-order susceptibilities ��2� in bulk.33

SH fields can therefore be generated only at the �flat� metal
surface and at the scatterers �though the latter process, occur-
ring insofar as spherical particles are being close to the metal
surface, is not efficient�. In any case, the contribution to SHG

from the z component �normal to the surface� of the FH field
would significantly exceed those from the x and y compo-
nents �parallel to the surface�. To simplify the consideration,
we assumed that the main source of SH radiation are the z
components of the SH field at the sites of scatterers
Ez

0�2� ,ri�, which are proportional to the SH z components at
the surface driven by the FH z component at the surface
Ez�� ,xi ,yi ,z=0�, and that the latter is proportional to the FH
z component at the sites of scatterers:

Ez
0�2�,ri� � Ez�2�,xi,yi,z = 0� � Ez

2��,xi,yi,z = 0� � Ez
2��,ri� .

�20�

This SH field distribution �at the sites of scatterers� was
then used as an incident SH field Ez

0�2� ,ri� in order to de-
termine the self-consistent SH field E�2� ,ri� by solving �as
in the FH case� the self-consistent equation for SH fields
analogous to Eq. �1�. The SH-SOM images were simulated
similarly to the FH-SOM images by summing up the in-
plane components of SH fields. For example, in the case of
different polarizations of the incident FH �x polarization� and
detected SH �y polarization� fields, the SH image was calcu-
lated as follows:

I2�
xy �xscan,yscan� = ��

i

N

Ey�2�,ri��2

. �21�

V. NUMERICAL RESULTS

The approach adopted in this work does not allow direct
examination of the field eigenmodes as, for example, was
performed in Ref. 20. Instead, one can investigate the self-
consistent field distributions �for different illumination con-
ditions� whose bright spots �field enhancements� indicate im-
plicitly the existence of eigenmodes. Since the field
distributions in the case of strong multiple scattering depend
upon the illumination configuration,1 we start our modeling
of the two scattering systems �Fig. 3� by considering the case
of a plane-wave illumination at the FH frequency. The for-
mation of FH and SH images obtained with the SOM will
then be considered followed by a discussion of their features
and a comparison with the experimental results.18,19

FIG. 3. Gray-scale representations �7�7 �m2� of the generated
samples with centered 5�5 �m2 areas with �a� the high density
�50 �m−2� and �b� low density �10 �m−2� of spherical scatterers
with 40-nm radius.
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A. FH field distributions

In order to examine and compare scattering processes oc-
curring in the considered configurations, we calculated the
FH field distribution E�x ,y ,z=2a+10 nm� at a fixed height
of 10 nm above the particles illuminated by a plane wave at
normal incidence for different wavelengths and polariza-
tions. In this simulation configuration, the incident beam ra-
dius in Eq. �17� is set to w0→� with the beam center being
kept at the coordinate origin, i.e. �xscan ,yscan�= �0,0�. For two
perpendicular polarizations of the incident plane wave with
the wavelength of 750 nm, the squared magnitudes of the
self-consistent field components, �Ex�2, �Ey�2, and �Ez�2, are
shown in Figs. 4 and 5 for the high- and low-density
samples, respectively.

Close inspection of the positions of bright spots for the
high-density sample �Fig. 4� reveals that, apart from bright
spots coinciding in location with individual scatterers, quite a
few bright spots are actually situated next to and between the

scatterers, a feature that indicates the occurrence of strong
multiple scattering in the system.1 In addition, the positions
of bright spots are seen to be different for different polariza-
tion configurations, with the intensity levels for parallel and
cross-polarized configurations being of the same order of
magnitude. It should be kept in mind that strong depolariza-
tion is inherently related to strong multiple scattering. Fur-
thermore, the field component perpendicular to the sample
surface is seen to reach similar magnitudes 	Figs. 4�e� and
4�f�
, suggesting that the process of multiple scattering is
mediated via SPP excitation and scattering. At any rate, a
dipolar scatterer placed close to a metal surface and driven
with an electric field perpendicular to the surface scatters a
significant part of radiation in the form of SPPs.27 It is also
seen that the images corresponding to the copolarized con-
figurations 	Figs. 4�a� and 4�b�
 exhibit faint quasiperiodic
fringes oriented perpendicular to the polarization direction.
These fringes are the result of interference between the inci-
dent and scattered fields, indicating thereby that the latter

FIG. 4. Gray-scale images �7�7 �m2� of the distributions of
squared magnitudes of the field components for the high-density
sample obtained with the wavelength of 750 nm at the polarization
configurations indicated by arrows �excitation, left arrow; detection,
right arrow�. The maximum levels �in relative units� are at �a� 10.3,
�c� 4.4, and �e� 6.8—all with x-polarized excitation, and �b� 9.4, �d�
2.1, and �f� 7.2—all with y-polarized excitation.

FIG. 5. Gray-scale images �7�7 �m2� of the distributions of
squared magnitudes of the field components for the low-density
sample obtained with the wavelength of 750 nm at the polarization
configurations indicated by arrows �excitation, left arrow; detection,
right arrow�. The maximum levels �in relative units� are at �a� 6.9,
�c� 1.18, and �e� 2—all with x-polarized excitation, and �b� 5.7, �d�
0.66, and �f� 3—all with y-polarized excitation.
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contain indeed SPPs �that propagate in the direction of the
in-plane polarization�. Finally, the field distributions simu-
lated at other wavelengths, e.g., at the wavelengths of 700
and 800 nm, were found to be similar to those at 750 nm but
having different relative intensities of the bright spots, which
is again one of the features inherent for multiple
scattering.1,2,4,5 The corresponding images calculated with
the low-density sample �Fig. 5� bear close resemblance to
those obtained for the high-density sample �Fig. 4�. All
aforementioned features related to multiple scattering and the
influence of SPP excitation can be seen on these images al-
beit somewhat less pronounced. Thus, intensity levels for the
cross-polarized configurations are considerably smaller than
those for the parallel polarizations, indicating that the pro-
cess of multiple scattering is not so strong for the low-
density sample as compared to that which occurred for the
high-density sample. The field component perpendicular to
the sample surface is also significantly smaller 	Figs. 5�e�
and 5�f�
 and quasiperiodic fringes—less pronounced 	Figs.
5�a� and 5�b�
 in this case, indicating that the SPP excitation
and scattering occur less efficiently. Note that such a differ-
ence in scattering for the high- and low-density samples
could, in principle, be inferred from theoretical studies4,5 and
experimental investigations.19 However, the images obtained
provide also quantitative information on the strength of de-
polarization and SPP influence in the considered scattering
systems.

B. FH- and SH-SOM images

The FH- and SH-SOM images were calculated with the
incident field chosen as in Eq. �17� with the beam radius set
to w0=0.5 �m and taken at the centers of the particles �z
=a�. Using the procedure described in Sec. IV C, we calcu-
lated the FH and SH images of the high-density sample for
various polarization configurations at the incident light
wavelength of 750 and 800 nm �Figs. 6 and 7, respectively�.

The transition distance used to obtain all images presented in
this paper was 0.6� as described by Eq. �14�. However, we
have investigated the sensitivity of FH and SH images to this
value and within the interval �0.4–0.8�� we observed that
the FH images remained almost identical, while the SH im-
ages showed a change in the mutual relative strength of the
SH bright spots and with the SH images showing the largest
changes for shorter transition distances.

It is seen that the appearance of both FH and SH images is
similar to that of experimentally obtained images with the
main feature of the occurrence of SH bright spots, whose
locations depend on the light wavelength and polarization,
being clearly reproduced.18,19 For the parallel polarization
configuration, the lowest signals in the FH images appear
inside the area of scatterers, where the incident field is scat-
tered into other polarizations, as opposed to the cross-
polarized configurations, where the only nonzero signals ap-
pear inside the scattering area. One conspicuous detail about
the FH images is that the reversed cross-polarized configu-
rations, i.e., �x ,y�- and �y ,x� configurations, result in exactly
the same images 	cf. Figs. 6�b� and 6�c�
. However this is not
the case for the SH images that are also much more sensitive
to both light wavelength and polarization than the FH im-
ages. Such a striking difference is related to the circumstance
that the reversed FH images correspond to the reciprocal
SOM configurations that should produce the same images,34

whereas the SH images are produced in the process of non-
linear imaging so that the reversed configurations are not
reciprocal. It is also seen that the SH images are considerably
more sensitive to the wavelength than the FH images. We
have previously suggested that very bright spots in the SH
images occur due to the spatial overlap of properly polarized
FH and SH eigenmodes,18 a conjecture that has also been
indirectly confirmed with theoretical simulations.20 The
bright spots in SH images are therefore related to the posi-
tions of FH and SH eigenmodes both being sensitive to the
wavelength. Consequently, the SH bright spots turn out to be
much more sensitive to the wavelength than the FH bright

FIG. 6. Gray-scale �a�–�c� FH and �d�–�f� SH images �7
�7 �m2� of the high-density sample simulated for the wavelength
of 750 nm and the polarization configurations indicated by arrows
�excitation, left arrow; detection, right arrow�. The maximum sig-
nals are 9700, 13, and 13 for FH and 0.075, 0.055, and 0.035 for SH
images.

FIG. 7. Gray-scale �a�–�c� FH and �d�–�f� SH images �7
�7 �m2� of the high-density sample simulated for the wavelength
of 800 nm and the polarization configurations indicated by arrows
�excitation, left arrow; detection, right arrow�. The maximum sig-
nals are 9700, 8, and 8 for FH and 0.014, 0.012, and 0.022 for SH
images.
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spots. Similar images were also calculated with the low-
density sample. We observed that the wavelength and polar-
ization sensitivity was, in this case, pronounced only for the
SH images �Fig. 8�. This very weak sensitivity of FH images
to the wavelength can be explained by the fact that the low-
density area mainly supports the weak interaction involving
only a few individual scatterers that results in weak and
broad resonances. Note that the corresponding FH signals in
the cross-polarized configurations are one order of magni-
tude smaller than those for the high-density sample. Weaker
depolarization indicates also weaker multiple scattering.

The SH images are, of course, also affected by the density
of scatterers, exhibiting less sensitivity to both polarization
and wavelength and featuring SH signals that are two orders
of magnitude weaker than those for the high-density sample.
Note that depolarization is essential for SHG in this configu-
ration �Sec. IV C� and therefore its influence is more pro-
nounced in the case of SH images than for the FH images.
The observed decrease in SH signals is actually in good
agreement with the decrease in the average SH signals mea-
sured in the experiments for the high- and low-density �50
and 25 �m−2, respectively� samples.19

C. Spatial overlap of FH and SH eigenmodes

In this section, we verify directly our conjecture that
the most bright spots in the SH images occur due to spatial
overlap of properly polarized FH and SH eigenmodes.18

Here one should recall that we consider SHG as a process
of generating a z component of the SH field by a z compo-
nent of the FH field 	Eq. �20�
. For instance, in order to
investigate the bright SH spot in Fig. 6�d�, which is obtained
for y-polarized excitation and detection, one approach is to
compare the squared z components �Eyz�� ,r��2 of the FH
fields (obtained for y-polarized uniform excitation 	Fig.
4�f�
) with the y components �Ezy�2� ,r�� of a SH field
distribution from the same area �obtained for z-polarized
uniform excitation�. Such a comparison could be performed
by considering the distribution of the following product:
	�Eyz�� ,r��2�Ezy�2� ,r��
2. Figure 9 shows a zoom to the
bright SH spot in Fig. 6�d� together with the corresponding
distributions of the FH and SH fields and the above product.

As seen in Fig. 9 the brightest SH spot coincides with the
strongest product peak. Furthermore, the remaining SH spots
are also seen coinciding with the corresponding peaks in this
product. Note that some peaks in the product can easily be
recognized in the FH distribution �Eyz�� ,r��2, but, for in-
stance, the product peak at position A is not clearly seen at
the corresponding position in this distribution. However, the
SH distribution �Ezy�2� ,r�� has a strong spot at this location.
In addition some spots in the FH distribution do not appear
to produce peaks in the product �e.g., spots at B� or they
appear changed �e.g., spot at C�. It is also interesting that the
maximum of the SH distribution �obtained at uniform exci-
tation� is actually not coinciding with the strongest SH bright
spot. One should bear in mind that the eigenmodes excited
with an uniform illumination might be different from those
excited by a tightly focused beam.

All in all these observations support the previously sug-
gested explanation that the SH bright spots occur due to a
spatial overlap of FH and SH eigenmodes, in the sense that

FIG. 8. Gray-scale �a�–�c� FH and �d�–�i� SH images
�7�7 �m2� of the low-density sample simulated for the wave-
length of �d�–�f� 750 and �g�–�i� 800 nm and the polarization con-
figurations indicated by arrows �excitation, left arrow; detection,
right arrow�. The FH images at 800 nm �not shown� are found
nearly identical to those at 750 nm. The maximum signals are 9700,
0.9, and 0.9 for FH images, 10�10−5, 70�10−5, and 25�10−5 for
SH images obtained at 750 nm and 6�10−5, 5.3�10−5, and 14
�10−5 for SH images obtained at 800 nm.

FIG. 9. Gray-scale zoom on a �3.3�3.3 �m2� simulated �a� SH
image, �b� 	�Eyz�� ,r��2�Ezy�2� ,r��
2, �c� �Eyz�� ,r��2, and �d�
�Ezy�2� ,r��.
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both the FH and SH simulated field distributions should be
sufficiently enhanced at the locations of the SH bright spots.

D. Statistics of SH images

Another line of comparison of our modeling and
experiments19 is related to the statistics of the SH enhance-
ment in the corresponding images. In the experiments, a
probability density function �PDF� was calculated for the
spatial distribution of SH intensities in the low- and high-
density areas. The PDF describes the probability of finding a
given SH intensity �within some interval� in the considered
area. It can be approximately determined from the experi-
mental data by counting the number of intensity values fall-
ing within certain intensity intervals.35,36 For these simula-
tions the number of points used to form the images was set to
100�100 and the difference between the minimum and
maximum SH intensity was divided into 500 intervals. Fig-
ure 10 shows the resulting PDFs for the low- and high-
density samples obtained from the SH images for 750 nm
excitation wavelength and parallel polarization configura-
tions 	�xx� and �yy�
.

As seen from Fig. 10 the low- and high-density configu-
rations have different PDFs, while there is no apparent po-
larization dependence �as expected�. For the high-density
area the PDF is slightly shifted to higher SH intensities com-
pared to the low-density area in accordance with the ob-
served difference in SH intensities. The slopes of the line fits
are �1.8 and 1.1 for the high- and low-density area, respec-
tively. These values are both lower than the value of 2.8
obtained in the experimental results. However, even though
these values differ from the experiments it is important to
note that the SH intensity actually does follow the power-law

dependence as expected with, for instance, fractal clusters of
nanoparticles.37 It is possible that the rather limited number
of bright SH spots in the images compared to the experi-
ments influence the statistics �especially for the low-density
configuration�. For instance, the flattening of the curve for
high intensities could be related to the use of a limited data
set, since part of the largest �but still widely different� SH
intensities might be counted within each interval only once
or twice, as seen by the pronounced splitup of the lowest
PDF datapoints into clearly distinguishable horizontal lines.
Furthermore, the difference between the use of a monochro-
matic incident field and radiation with a 15-nm-wide
spectrum19 might be important for the statistics.

VI. CONCLUSION

In conclusion we have developed a model for the nonlin-
ear microscopy of localized field enhancements in random
metal nanostructures with a tightly focused laser beam scan-
ning over a sample surface. We have used the analytic rep-
resentations of the Green dyadic in the near- and far-field
regions, with the latter being approximated by the part de-
scribing the scattering via excitation of surface plasmon po-
laritons. Two expressions for the involved Green dyadic,
valid either for shorter or longer interaction distances, and a
suitable limit to distinguish between the use of these expres-
sions, were presented. Thus, composed Green dyadic repre-
sents an improvement of previous SPP simulations for peri-
odic nanoparticles23 and permits simulations for relatively
close nanoparticles. Two sets of suitable nanoparticle coordi-
nates, corresponding to the high and low density of scatter-
ers, were generated and used for calculations of the self-
consistent field distributions and the corresponding FH and
SH images. The SH images for the high-density sample
showed several bright spots, similar to those obtained in the
experiments.18,19 The low-density images showed fewer
similarities with these, however the observed large decrease
in average SH signals is in good agreement with the
experiments.19 Comparing FH and SH field distributions sup-
ported the idea of spatially overlapping FH and SH eigen-
modes leading to bright spots in the SH-SOM images.18,19

All in all the simulation offers qualitative good agreement
with the experimental results. We believe the developed ap-
proach can be used for simulating SH-SOM of metal nano-
particles �e.g., periodic arrays of nanoparticles� placed on
metal surfaces with the SPP contribution to multiple scatter-
ing being taken into account. One can further apply this
model to identify the most promising configurations of metal
nanoparticles for achieving highly localized and enhanced
fields. The nanoscale-localized high-intensity fields can be
exploited in various prospective applications in nanoscience
and nanotechnology, in particular, for optical probing of in-
dividual molecules and nanomodification.
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FIG. 10. PDFs based on the simulated SH images obtained in
the parallel polarization configurations at 750 nm excitation wave-
lengths for both low and high density of scatterers. The PDF was
made by dividing the difference between the maximum and mini-
mum SH signal from each data set into 500 intervals and counting
the number of points having signals within each of these intervals.
The straight lines are fitted to the data for the �yy�-polarization
configuration.
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